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Abstrat
We onsider quantum eld theories with boundary on a odimension one hyperplane.
Using 1+ 1 dimensional examples, we larify the relation between three parameters har-
aterising one-point funtions, nite size orretions to the ground state energy and the
singularity struture of sattering amplitudes, respetively. We then develop the formal-
ism of boundary states in general D + 1 spaetime dimensions and relate the luster
expansion of the boundary state to the orrelation funtions using redution formulae.
This allows us to derive the luster expansion in terms of the boundary sattering ampli-
tudes, and to give a derivation of the onjetured relations between the parameters in 1+1
dimensions, and their generalization to D+1 dimensions. We use these results to express
the large volume asymptotis of the Casimir eet in terms of the one-point funtions
or alternatively the singularity struture of the one-partile reetion fator, and for the
ase of vanishing one-partile ouplings we give a omplete proof of our previous result
for the leading behaviour.
1 Introdution
In this paper we treat quantum eld theories with a boundary, whih is supposed to be a
hyperplane (of odimension 1) in at spaetime. We also treat nite size eets when two
suh boundaries are parallel to eah other and separated by a distane L (a.k.a. the Casimir
eet in a planar situation).
Suh theories have been extensively studied in 1+1 dimensions sine the seminal paper of
Ghoshal and Zamolodhikov [1℄, whih introdued some fundamental ideas into the subjet.
They dened and haraterized the so-alled boundary state in integrable eld theories
1
, whih
makes possible the desription of boundary phenomena using the Hamiltonian formalism of
the bulk theory. Using this onept, they set up the neessary notions to study integrable
1
In Setion 3 we give a denition for the boundary state in any boundary quantum eld theory in arbitrary
number of spaetime dimensions, but the details are not neessary for the time being.
1
boundary QFTs by extending the ideas of analyti S matrix theory, fatorization and bootstrap
already well-known in the bulk situation.
Boundary eld theories in 1 + 1 dimensions are relevant to numerous ondensed matter
phenomena (the most prominent examples are the so-alled impurity problems), to nonper-
turbative aspets of string theory (branes) and also are of interest from the theoretial point
of view as a tool to understand quantum eld theory from a dierent perspetive. However,
boundary problems are also relevant in higher dimensional quantum eld theories as desrip-
tions of surfae ritial phenomena, and, as mentioned above, in the ontext of the Casimir
eet.
One of the very interesting phenomena that an our in the presene of a boundary is
the existene of nontrivial ground state ongurations, whih approah the bulk vauum only
asymptotially, far away from the boundary. In a theory with a mass gap m in the bulk2,
any vauum expetation value (VEV) of a eld φ is bound to approah the bulk value φ0
exponentially
〈φ(t, x)〉α ∼ φ0 + g¯α e−md (1.1)
as a funtion of the distane d from the boundary, where g¯α is a quantity haraterising the
boundary ondition labelled by α. We mention that g¯ itself is a physially relevant quantity in
ertain appliations, e.g. in the ontext of thermal Coulomb plasma in ontat with an ideal
ondutor eletrode where it orresponds to the sreened (or 'renormalized') surfae harge
density [2℄. The existene of the g¯ term in (1.1) an be related to the presene of a one-partile
term in the boundary state of the form [3℄
|Bα〉 = (1 + g˜αA+(0) + . . . )|0〉 (1.2)
where A+ (k) - with the normalization [A(k), A+(k′)] = (2π)D
√
k
2 +m2δ(k − k′) - denotes
the operator that reates an asymptoti partile of momentum k, and g˜α is just another
quantity haraterising the strength of the one-partile ontribution to the boundary state. It
is straightforward to derive (see subsetion 3.2) the relation
g¯α =
√
Z
2
g˜α (1.3)
where Z is the wavefuntion renormalization onstant of φ, onsidered as an interpolating
eld for the bulk asymptoti multi-partile states:
〈0|φ(0)|A(k = 0)〉 =
√
Z
2
where |0〉 is the bulk vauum state and |A(k = 0)〉 is the asymptoti one-partile state on-
taining a single partile with the lowest mass m and momentum zero. Note that Z is a bulk
quantity whih is independent of the boundary ondition.
It was also shown in [4℄ that for 1 + 1 dimensional QFTs the presene of a one-partile
term in the boundary state leads to the following asymptotis of the ground state (Casimir)
energy on a strip with boundary onditions α and β
Eαβ(L) ∼ −mg˜αg˜βe−mL (1.4)
2
In the following we always suppose that this is the ase, i.e. we onsider only theories with a non-vanishing
mass gap, for whih the formalism of asymptoti states is well dened.
2
while in the absene of suh one-partile oupling the energy is expeted to deay as e−2mL
(whih was already known for the integrable ase from studies of the thermodynamial Bethe
Ansatz [5℄). In subsetion 3.5 we show that this is also valid in general D + 1 spaetime
dimensions, and provides a more onvenient way of dening the quantity g˜α than the expansion
(1.2). The denition of g˜α from the one-partile term in the boundary state depends on the
onvention of normalising the one-partile state, while the Casimir energy (1.4) is a diretly
measurable quantity independent of any onventions in the eld theoreti formalism.
It was already noted in [1℄ that there is another manifestation of a one-partile oupling to
the boundary, namely that the one-partile reetion fator has a pole at a speial loation.
Introduing the rapidity parametrization of the 1+1 dimensional energy-momentum (e, p) as
usual
e = m cosh θ , p = m sinh θ
it an be argued that the one-partile reetion fator o the boundary (whih is the amplitude
for the proess involving a single partile both in the initial and in the nal state) must have
a pole at θ = iπ2 with the residue denoted by
Res
θ=iπ
2
Rα (θ) = i
g2α
2
(1.5)
whih denes another harateristi quantity gα (whih is real for unitary theories)
3
. Ghoshal
and Zamolodhikov identied gα with g˜α, but later Dorey et al. [3℄, investigating one-point
funtions in the so-alled saling Lee-Yang model found numerially the relation
g˜α =
gα
2
(1.6)
In the previous papers [4, 7, 8℄ we presented evidene (both analyti and numerial) that this
relation extends to all 1 + 1 dimensional integrable quantum eld theories. Stritly speaking,
however, there existed no eld theoreti derivation or proof of this relation up to now. It was
not lear either whether this relation an be extended to general boundary QFTs.
The knowledge of the relation between the g parameters has another interesting appli-
ation. Namely, the lassial vauum expetation value and so the lassial limit of g¯α an
be alulated expliitely by solving the lassial eld equations. Relating this quantity to
the residue of the reetion fator (gα) makes it possible to identify the boundary ondition
orresponding to reetion fators found by solving the boundary bootstrap onditions, whih
is the fundamental idea underlying the work by Fateev and Onofri in [9℄.
The entral aim of the present work is to extend these results already known in 1 + 1
dimensional integrable QFTs, to nonintegrable theories and further to boundary QFTs dened
in any spaetime dimensions. Even in the ase of integrable theories, the derivation of (1.6)
presented here is the rst one that is truly general and starts from rst priniples (i.e. does
not depend on additional assumptions or approximations).
We start in setion 2 by reviewing the status in 1 + 1 dimensional QFTs. We present
arguments in the integrable ase, further to those already made in [4℄, and then extend our
onsiderations to the nonintegrable ase using semilassial tehniques, where we show that
both (1.3) and (1.6) an be extended to this ase. However, there is no way to takle general
nonintegrable quantum eld theories without further theoretial developments.
3
Note that the above g quantities have nothing to do with the boundary entropy introdued in [6℄ whih is
also usually denoted by g and is often alled the g-funtion.
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In setion 3, therefore, we develop the neessary tools to address the problem, using only
general onepts of quantum eld theory whih are valid in any spaetime dimensions. In
order to develop the boundary state formalism, in the appendix we derive a set of redution
formulae relating the matrix elements of the boundary state with bulk asymptoti many-
partile states to orrelation funtions. Using them we an desribe the boundary state in
terms of (analyti ontinuation of) the boundary sattering amplitudes, analogously to what
Ghoshal and Zamolodhikov did in the ase of 1 + 1 dimensional integrable eld theories
[1℄. We present the detailed derivation of the one-partile term in the boundary state whih
leads us to the relation (1.3), and of the two-partile term, whih is given in terms of the
one-partile reetion fator. We then use a luster argument to relate the singularity of the
reetion fator to the one-point funtion, i.e. g to g¯. For the ase of 1 + 1 dimensions this
gives a proof of relation (1.6) from rst priniples, valid for integrable and nonintegrable
QFTs as well, while in the ase of D + 1 dimensional theories it allows us to haraterize the
nature and strength of the appropriate singularity of the reetion fator. In subsetion 3.5 we
give the derivation underlying the laim in our previous paper [10℄ where we gave a universal
expression for the leading asymptotis of the Casimir energy (in the planar situation) valid
also for nontrivially interating theories, and also show how these results are aeted by the
presene of one-partile ouplings to the boundary. We draw our nal onlusions in setion
4.
2 Examples
In this setion we onsider several examples as well as some heuristi derivations (under various
assumptions) of the onjetured relations among the various g-s. Some of the examples and
derivations are worked out in spei models, while some of the onsiderations are model
independent. Part of the material in this setion is on the level of (semi) lassial onsiderations
while the other is on the level of full QFT. All the examples are worked out in 1+1 dimensions;
they intended to provide a lear understanding of the underlying physis, and motivation for
the derivations presented in the setion 3, whih are model independent and valid for generi
number of spaetime dimensions.
2.1 Quantum theory examples
2.1.1 Boundary sine-Gordon model with Dirihlet boundary onditions
Our rst example is the boundary sine-Gordon model with Dirihlet boundary onditions. In
this model the bulk Lagrangian is written as
LSG(x, t) = 1
2
(∂µΦ)
2 − m
2
β2
(1− cosβΦ) (2.1)
where β is the bulk oupling, m is the mass parameter and the eld satises the boundary
onditions
Φ(x, t)|x=0 = ΦD0 , Φ(x, t)|x=L = ΦDL
The fundamental range of the parameters ΦD0,L is given by 0 ≤ β2ΦD0,L ≡ ϕ0,L ≤ π2 . In the
regime β2 < 4π the lightest partile in the spetrum is the rst breather, and it has the
4
following reetion amplitude o the boundary [11℄
R
(1)
|〉 (θ) =
(
1
2
) (
1
2λ + 1
)(
1
2λ +
3
2
) ( ηπλ − 12)( η
πλ +
1
2
) , (x) = sinh
(
θ
2 + i
πx
2
)
sinh
(
θ
2 − iπx2
)
(2.2)
Here θ is the rapidity of B1 while
λ =
8π
β2
− 1 , and η0,L = ∓(λ+ 1)ϕ0,L
are the parameters haraterising the bootstrap solution [1℄. Note that R
(1)
|〉 (θ) has a rst
order pole at θ = iπ2 originating from the
(
1
2
)
fator. This results in the following oupling
strength between the rst breather and the boundary:
g1 (η) = 2
√
1 + cos π2λ − sin π2λ
1− cos π2λ + sin π2λ
tan
η
2λ
(2.3)
(The expression under the square root is always positive as long as λ > 1 whih is neessary
for the rst breather to exist in the spetrum). However, some are must be taken, beause
the sign of the oupling g1 must be opposite on the two ends of the strip sine these are related
by a spatial reetion under whih the rst breather is odd. As a result, eqn. (1.4) and eqn.
(1.6) predit that the leading nite size orretion to the ground state energy on the strip is
given by
E(ϕ0, ϕL) = m1
g1(η0)g1(ηL)
4
e−mL + . . . (2.4)
In [4℄ this expression was heked by omparing it to the exat ground state energy at large but
nite L-s. The exat ground state energy of the boundary sine-Gordon model with Dirihlet
boundary onditions was omputed numerially (to high preision) from the NLIE proposed
reently [12℄ and the detailed numerial omparison showed an exellent agreement. This
omparison was later extended to more general boundary onditions in [13℄.
2.1.2 BTBA in the infrared limit
In this setion we alulate the infrared limit of boundary thermodynami Bethe Ansatz
(BTBA) to support the relation (1.6). Although the original derivation of BTBA given by
Lelair et al. [5℄ is only valid for the ase when there is no one-partile term in the boundary
state, it an be easily argued that the presene of one-partile terms makes no dierene to the
end result, and this is also supported by numerial studies using omparison with trunated
onformal spae (TCS) by Dorey et al. in [14℄.
In a theory with a single partile of mass m on a strip of length L the BTBA equation for
the pseudo energy ǫ(θ) takes the form
ǫ (θ) = 2mL cosh θ −
∫ ∞
−∞
dθ′
2π
Φ
(
θ − θ′) log (1 + χ (θ′) e−ǫ(θ′)) (2.5)
where Φ (θ) = −i ddθ logS (θ) is the derivative of the phase of the two-partile S-matrix S(θ),
and χ (θ) = K¯α (θ)Kβ (θ) where
Kα(θ) = Rα
(
i
π
2
− θ
)
5
and K¯α(θ) = Kα(−θ). One ǫ(θ) is obtained, the energy of the ground state is given by
Eαβ(L) = −m
∫ ∞
−∞
dθ
4π
cosh θ log
(
1 + χ (θ) e−ǫ(θ)
)
In a theory with nonzero one-partile oupling on both boundaries χ has a seond-order pole
at θ = 0. The logarithmi terms in (2.5) and in the ground state energy remain integrable
and the BTBA makes perfetly good sense, but to obtain the orret asymptoti (L → ∞)
expression one needs to be areful. For large L we nally obtained in [4℄
Eαβ(L) = −m
|gαgβ |
4
e−mL −m
∞∫
−∞
dθ
4π
cosh θ log

1 + χ (θ) e−2mL cosh θ
1 +
g2αg
2
β
4 sinh2 θ
e−2mL


(2.6)
The remaining integral is an expression of order e−2mL, while the leading term agrees with
(1.4) (for g˜β = gβ/2) if gαgβ > 0. It was already noted in [14℄ (using a omparison with
trunated onformal spae method) that the BTBA equation only gives the orret ground
state energy in this ase.
Here we extend this result to values of boundary parameters suh that gαgβ < 0, applying
a suitable analyti ontinuation. Note that in the denition of the boundary oupling gβ a
branh of the square root funtion must be hosen. In all known ases (e.g. Lee-Yang in
[14℄ or sine-Gordon) there exists a branh hoie suh that the boundary ouplings depend
analytially on the boundary parameters. In this ase a straightforward analyti ontinuation
of the TBA equations (following the ideas originally proposed in [15℄) from the domain where
gαgβ > 0 to the one with gαgβ < 0 gives the ground state energy as
Eαβ(L) = m sinu−m
∫ ∞
−∞
dθ
4π
cosh θ log
(
1 + χ (θ) e−ǫ(θ)
)
where now ǫ(θ) is the solution of the equation
ǫ (θ) = 2mL cosh θ − log S(θ − iu)
S(θ + iu)
+
∫ ∞
−∞
dθ′
2π
Φ
(
θ − θ′) log (1 + χ (θ′) e−ǫ(θ′)) (2.7)
and u is determined by the equation
K¯β(iu)Kα(iu)e
−ǫ(iu) = −1
For L large one an put ǫ(θ) = 2mL cosh θ, yielding sinu ∼ u ∼ |gαgβ |2 e−mL, whih in the
energy expression just ips the sign of the term oming from the integral part. Thus
Eαβ(L) = −m
gαgβ
4
e−mL + . . .
in the parameter range where gαgβ < 0, whih is onsistent with eqns (1.6,1.4) whih is the
result of the luster expansion [4℄.
2.1.3 Bethe-Yang equation
The aim of the following onsiderations is to emphasize the dierene between the poles of
the reetion amplitude orresponding to boundary bound states and the one appearing at
θ = iπ/2, and to give an alternative argument for the validity of eqn. (1.6).
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Suppose that in the half line theory there is a boundary bound state whih is desribed
by a pole of the reetion amplitude
Rα(θ) ∼ iΓ
2/2
θ − iv0
in the physial strip 0 < v0 <
π
2 . The simplest way to determine the leading nite size
orretion to the energy of the bound state is to onne the theory to a strip of width L by
imposing idential boundary onditions at the ends of the strip and look for purely imaginary
solutions of the Bethe-Yang equation of the fundamental partile
4
Rα(θ)Rα(θ)e
i2mL sinh θ = 1 (2.8)
In order to desribe the boundary bound states we ontinue this equation to imaginary values
of the rapidity θ as in [17℄. Writing θ = iv0 + iδ and assuming that δ → 0 for L → ∞ one
nds two solutions for δ suh that the orresponding θ-s are in the physial strip, with the
following large volume asymptotis:
δ ∼ ±Γ
2
2
e−mL sin v0
The energy of these two solutions above the ground state is
E± ∼ m cos v0 ∓mΓ
2
2
sin v0 e
−mL sin v0
(2.9)
The interpretation of this result is lear: the two energies orrespond to the two (approximate)
wave funtions ontaining the symmetri (resp. antisymmetri) ombinations of the idential
'half line' bound states loalized in the viinity of the two boundaries (f. [17℄).
For solutions of the Bethe-Yang equation (2.8) that for L→∞ go to θ = iπ2 , the asymptoti
behaviour is determined by the residue (1.5). Furthermore, writing θ = iπ2 + iδ, only the
solution with δ < 0 is inside the physial strip. Therefore in this ase we nd the following
result for the energy
EBY = m cosh θ = m
g2α
2
e−mL
In ontrast to the ase of a boundary bound state disussed above, the other solution is
nonphysial. Remembering that EBY is the energy of the given state relative to the nite
volume ground state of the system, it has a dierent interpretation than in the previous ase.
Sine the true ground state is the symmetri ombination of the asymptoti ground states
loalized at the left/right boundary, while the exited one is the antisymmetri one [7℄, EBY
an be identied with the dierene between the energies of these two states, between whih
one an swith by hanging the relative sign between the two g˜-s. Using (1.4) we obtain the
relation
∆E = 2mg˜2αe
−mL ≡ EBY = mg
2
α
2
e−mL
Note that formally this result is just half of the energy dierene E+ − E− in (2.9) whih is
due to the speial status of the iπ2 pole. This is again onsistent with eqn. (1.6).
4
This equation neglets vauum polarization orretions, but one an argue that for large L-s it orretly
gives the leading ontribution - this was heked in [16℄ for the boundary sine-Gordon model.
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2.1.4 Conneting the VEV and the boundary state
Next we onsider the onnetion between the vauum expetation value β〈0|Φ(x, t)|0〉β of a
eld Φ whih is an interpolating eld for the asymptoti partile states (where |0〉β denotes the
ground state of the half line x ≤ 0 theory with the boundary ondition β imposed at x = 0)
and the oeient(s) of the expansion of the boundary state, eqn. (1.2), in the rossed hannel.
Following the ideas presented in [3℄, this onnetion is based on the fundamental (dening)
property of the boundary state, namely on the equivalene of the orrelation funtions in the
two hannels. Indeed this equivalene applied to the one-point funtion reads
β〈0|Φ(x, t)|0〉β = 〈0|Φ(y, τ)|Bβ〉 y = it, x = iτ
Substituting eqn. (1.2) one nds
β〈0|Φ(x, t)|0〉β = 〈0|Φ(0)|0〉 + 〈0|Φ(0)|θ = 0〉g˜βeimτ + . . .
where the rst term is the v.e.v. of the eld in the bulk (whih is an x independent onstant)
and the dots stand for the ontribution of the multi-partile terms. The matrix element of
the eld in the seond term is basially the normalization of the bulk one partile form fator
in the losed hannel
〈0|Φ(0)|θ = 0〉 =
√
Z
2
(2.10)
with Z denoting the wavefuntion renormalization onstant of Φ. Exploiting the onnetion
between the oordinates in the two hannels one nds nally the asymptoti (x → −∞)
expression
β〈0|Φ(x, t)|0〉β = 〈0|Φ(0)|0〉 +
√
Z
2
g˜βe
mx +O(e2mx) (2.11)
whih gives the following relation
g¯β =
√
Z
2
g˜β (2.12)
2.2 (Semi)lassial examples
Most of the examples and onsiderations presented so far relied on the integrability of the
underlying model. In order to extend the relations between the various g-s to nonintegrable
models we now present some further examples, and also develop methods whih do not need
integrability. The general framework in this setion is that of the (semi)lassial approximation
of the various eld theoretial models.
2.2.1 Conneting the lassial VEV and the ground state energy
We onsider a model desribed by a salar eld Φ on a strip of width L satisfying Dirihlet
boundary onditions Φ(0, t) = Φ0 and Φ(L, t) = ΦL with the bulk (Minkowski) ation
Abulk =
∫
dtdx
{
1
2
(∂tΦ)
2 − 1
2
(∂xΦ)
2 − U (Φ)
}
(2.13)
The ground state is a solution of the stati lassial equation of motion (satisfying also the
boundary onditions)
1
2
(
∂Φ
∂x
)2
− U(Φ) = C, U(Φ) ≥ 0 (2.14)
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where U(Φ) desribes the self interation of the salar eld and C is (an L dependent) onstant
of integration. For L → ∞ this onstant vanishes (C → 0) and the ground state tends to a
superposition of two 'half line' solutions determined by the two boundary onditions. This
ground state has a simple qualitative desription if we assume that U(Φ) has a minimum at
Φ∗ (normalized as U(Φ∗) = 0) and that Φ0,L are in the 'viinity' of Φ∗ (meaning that no other
minimum is between Φ∗ and Φ0 or ΦL): the salar eld starts at Φ0 then inreases (dereases)
towards Φ∗, reahes a maximum (minimum) Φ1 lose to Φ∗, then inreases/dereases to ΦL5.
It is important to notie that the L dependene of the ground state energy an be determined
simply from that of the onstant C. Indeed, writing
E(L) =
L∫
0
dx
{
1
2
(
∂Φ
∂x
)2
+ U(Φ)
}
= −CL+


Φ1∫
Φ0
+
Φ1∫
ΦL

 dv
√
2(U(v) + C)
and exploiting
L =


Φ1∫
Φ0
+
Φ1∫
ΦL


dv√
2(U(v) + C)
we get
dE
dL
= −C, thus E(L) = E∞ −
∫
C(L)dL (2.15)
Therefore we determine next the large L asymptotis of the integration onstant C(L) using
the qualitative piture of the ground state. If, in the half line theory, far away from the
boundary, the solutions with the Φ0 (ΦL) b.. have the asymptoti form
Φ(x) ∼ Φ∗ + g¯0e−mx, Φ(x) ∼ Φ∗ + g¯Le−mx (2.16)
then for large L-s, in the entral part of the strip, whih is far away from both boundaries,
the salar eld is given by (upto subleading exponential orretions)
Φ(x) ∼ Φ∗ + g¯0e−mx + g¯Lem(x−L)
(Note that the bulk vauum expetation value Φ∗ appearing in (2.16) is a parameter of the
bulk theory; the dependene on the boundary onditions enters only via the oeients of
the exponential terms). Expanding the salar potential in the viinity of Φ∗ as U(Φ) =
m2
2 (Φ−Φ∗)2+O((Φ−Φ∗)3), and using eqn. (2.14) in the entral part of the strip, one readily
nds
C(L) = −2m2g¯0g¯Le−mL
Using this in eqn. (2.15) gives the asymptoti expression of the ground state energy as
E(L) = E∞ − 2mg¯0g¯Le−mL
where E∞ is the sum of the energies of the two half line solutions having the asymptoti
behaviour in (2.16). This gives
g¯ =
g˜√
2
whih is onsistent with eqn. (2.12) sine for the normalization of the eld given in (2.13) the
lassial value of the wave funtion renormalization onstant is Z = 1.
5
This desription is valid if Φ0 and ΦL are both smaller or both greater than Φ∗; if Φ∗ is between them,
then Φ1 = Φ∗ and the solution is monotoni.
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2.2.2 Semilassial limit of sine-Gordon model
In this subsetion we onsider the semilassial limit of sine-Gordon model on a strip with
Dirihlet boundary onditions and determine expliitely the three harateristi g-s in terms
of the parameters of the model, thus verifying the onjetured relations among them.
The bulk Lagrangian is written in eqn. (2.1) and for simpliity we onsider rst the speial
ase when the model is restrited to the negative half line (x ≤ 0) and the eld satises the
boundary ondition Φ(x, t)|x=0 = ΦD0 where the parameter ΦD0 is in its fundamental range
0 ≤ β2ΦD0 ≡ ϕ0 ≤ π2 . In this ase the (semi)lassial ground sate is given by a `half' soliton
standing at the loation required by the boundary ondition
Φ
bg
(
x, a+
)
=
4
β
arctan
(
em(x−a
+)
)
where e−ma
+
= tan
ϕ0
2
Realling the denition of g¯
Φ
bg
∼ g¯emx for x→ −∞
we obtain from the expliit solution
g¯ =
4
β
tan
ϕ0
2
(2.17)
To obtain the semilassial limit of g oming from the reetion amplitude one has to
determine the appropriate solutions of the dierential equation desribing the linearized u-
tuations in the standing soliton bakground. This was done in [7℄, [18℄, and using these wave
funtions one obtains the lassial reetion amplitude
R(q) =
m− iq
m+ iq
iq +m cosϕ0
iq −m cosϕ0 , q = m sinh θ
Surprisingly, R(q) has a seond order pole at θ = iπ2 , i.e. for θ ∼ iπ2 it an be written as
R(q) ∼ −4 tan
2
(ϕ0
2
)
(θ − iπ2 )2
We an explain this seond order pole in the following way. Sine in the semilassial limit
the elementary eld exitations beome idential to the rst breather we should ompare R(q)
to the (semi)lassial limit of the rst breather's reetion amplitude (on the ground state |〉)
(2.2), whih has a rst order pole at θ = iπ2 . However, as shown in [18℄, in the (semi)lassial
limit λ→∞ the η boundary parameter should also be saled as
η = ηcl(1 + λ)
keeping ηcl nite, whih is related to the boundary value of the eld via
ηcl = ϕ0 =
βΦD0
2
In addition R
(1)
|〉 (θ) also has a pole at θˆ = i
(
π
2 − π2λ
)
oming from the
(
1
2λ +
3
2
)
fator in the
denominator, orresponding to the bulk proess of two B1's fusing into a B2 of zero energy
(rapidity θ = iπ/2), whih is then absorbed by the boundary. Clearly for β → 0 ( λ → ∞)
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θˆ → iπ2 and one obtains a seond order pole. Therefore for suiently small β (suiently
large λ) in the viinity of θ ∼ iπ2 the quantum reetion amplitude behaves as
R
(1)
|〉 (θ) ∼
A
(θ − iπ2 )(θ − i(π2 − u1))
, lim
λ→∞
u1 = lim
λ→∞
π
2λ
= 0
In this ase the residue of R
(1)
|〉 (θ) at θ = i
π
2 is
Res
θ=iπ
2
R
(1)
|〉 (θ) = −i
A
u1
while in the (semi)lassial limit one obtains
R(θ) ∼ A
(θ − iπ2 )2
Combining these expressions with the denition of g one nally nds
i
g2
2
:= Res
θ=iπ
2
R
(1)
|〉 (θ) = i
64
β2
tan2
ϕ0
2
i.e.
g = 4
√
8
β2
tan
ϕ0
2
∼ 4
√
λ
π
tan
η
2λ
(2.18)
(where we 'removed' the semilassial limit in writing the last approximate equality) whih
oinides with the semilassial limit of (2.3) as was found also in [4℄.
In [4, 19℄ the lassial ground state energy of the sine-Gordon model satisfying the Dirihlet
boundary onditions on a strip of width L
Φ(0, t) = ΦD0 , Φ(L, t) = Φ
D
L
(in the setor of zero topologial harge) was found to be
E(ϕ0, ϕL, L) ∼ E∞ − 32m
β2
tan
ϕ0
2
tan
ϕL
2
e−l
in the asymptoti regime l = mL≫ 1. Here E∞ is the sum of the energies of the two asymp-
toti stati 'half' solitons representing the (asymptoti) ground state on the strip. Dening
the lassial ounterpart of g˜ in (1.4) as
E(L) = E∞ −mg˜0 g˜Le−mL
and omparing to the expliit expression gives
g˜i =
4
√
2
β
tan
ϕi
2
, i = 0, L (2.19)
Combining eqn. (2.17,2.18) and (2.19) one obtains for the semilassial limit of the various
g-s:
g¯i =
gi
2
√
2
=
g˜i√
2
, i = 0, L (2.20)
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This is onsistent with eqn. (1.5) and (1.6) and - sine Z → 1 in the (semi)lassial limit -
also with eqn. (2.11).
Similar results were obtained in [9℄ for the ase of general ane Toda eld theories (ATFT)
where the authors use a dierent normalization for the elds and the partile states than we
do. To failitate the omparison, we give the relations for the ase a
(1)
1 (sinh-Gordon) here.
The ation in that paper is normalized as
A =
∫
d2x
{
1
8π
(∂µφ)
2 + µ
(
e
√
2bφ + e−
√
2bφ
)}
whih in our notation means that the lassial wave funtion renormalization onstant is
Z = 4π. As a result, from (2.10) we have
〈0|φ(0)|θ = 0〉 =
√
2π +O(b2)
while their one-partile state , |θ〉FO is normalized aording to
〈0|φ(0)|θ = 0〉FO =
√
π +O(b2)
whih means that |θ = 0〉 = √2|θ = 0〉FO. The residue of the reetion fator is parameterized
in [9℄ as
R(θ) ∼ D(b)
2
θ − iπ2
whih means that D(b) an be written in our notation as
D(b) =
g√
2
The form of the one-partile term in the boundary state given in [9℄
|B〉 = (1 +D(b)A+FO(0) + . . . ) |0〉 =
(
1 +
D(b)√
2
A+(0) + . . .
)
|0〉 ⇒ g˜ = D(b)√
2
is then onsistent with the relation (1.6)
6
. In addition, from the asymptotis of the lassial
vauum solution found in [9℄ the VEV parameter g¯ in the lassial limit b→ 0 reads
g¯classical =
1
b
lim
b→0
√
πbD(b) =
√
2πg˜classical
whih is then onsistent with (1.3). The results of [9℄ therefore provide a generalization of the
arguments of the present subsetion to the ase of any ATFT.
2.2.3 Semilassial desription of spontaneously broken Φ4 theory
In this subsetion we onsider the spontaneously broken Φ4 theory restrited by Dirihlet
boundary onditions to a strip of width L. Using semilassial onsiderations we express ex-
pliitely the (semilassial limit of the) three harateristi g-s in terms of the parameters of the
model, thus verifying expliitely the onjetured relations among them in this nonintegrable
ase.
6
We mention, however, that the two-partile term in the luster expansion of |B〉 is not properly normalized
in [9℄, but it plays no role in the issue at hand.
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The bulk Lagrangian of this model an be written as
L = 1
2
(
∂Φ
∂t
)2
− 1
2
(
∂Φ
∂x
)2
− λ
4
(
Φ2 − m
2
λ
)2
(2.21)
where λ > 0 and m is real. Introduing z = mx√
2
the well known kink (anti-kink) solution
'standing' at x = a an be written as
Φ(x) = ± m√
λ
tanh(z − z0) , z0 = ma√
2
It is also well known that the mass of the elementary partile in the 'vauum' setor is µ =
m
√
2.
First onsider this model restrited to the half line x < 0 (or x > 0) imposing Dirihlet
boundary ondition at x = 0:
Φ(0, t) = Φ0
whih makes it possible to determine the expliit form of two of the three g-s. The essential
observation is that  for − m√
λ
< Φ0 <
m√
λ
at least  the (semi)lassial ground state of
the model, Φ
bg
, is given by a bulk kink/anti-kink standing at the position required by the
boundary ondition
∓ m√
λ
tanh(z0) = Φ0
This enables us to determine g¯ whih is the parameter haraterizing the eld in the ground
state: hoosing, say, the solution that far away from the boundary at x = 0 tends to the m√
λ
bulk ground state, then g¯ is dened as
lim
x→−∞Φbg =
m√
λ
+ g¯−eµx, lim
x→∞Φbg =
m√
λ
+ g¯+e
−µx
depending on whether we restrit the model to the x < 0 or to the x > 0 half line. Using the
expliit kink/anti-kink solution one obtains readily
g¯− = −2m√
λ
e−2z0 , g¯+ = −2m√
λ
e2z0 (2.22)
To obtain g whih haraterizes the singularity of the reetion amplitude, we restrit
the model to the x < 0 half line and determine the appropriate solutions of the dierential
equation desribing the linearized utuations in the standing soliton (kink) bakground. This
dierential equation is the same as in the bulk ase; the only remaining task one is to ombine
the left and right moving bulk wave solutions to satisfy the boundary ondition at x = 0. In
the bulk ase the solutions in the ontinuum spetrum (whih is relevant here) an be written
[20℄
ηq(z) = e
iqz(3 tanh2(z − z0)− 1− q2 − 3iq tanh(z − z0))
where q is a real parameter that determines the frequeny of the utuation through ω2 =
m2(2 + q2/2). We look for solutions in the form
hk(z) =
ηk(z)
2− k2 − 3ikN1 +
η−k(z)
2− k2 + 3ikN2
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that satisfy the boundary ondition hk(0) = 0 and also for whih the oeient of e
ikz
far
away from the boundary is one. The lassial limit of the reetion amplitude is then dened
by
lim
z→−∞hk(z) = e
ikz +R
l
(k)e−ikz
and from the expliit form of hk(z) one obtains:
R
l
(k) = −2− k
2 − 3ik
2− k2 + 3ik
3 tanh2(z − z0)− 1− k2 + 3ik tanh(z − z0)
3 tanh2(z − z0)− 1− k2 − 3ik tanh(z − z0)
, k = 2 sinh θ
with θ being the usual rapidity parameter (in terms of whih the spatial momentum of the
partile is p = µ sinh θ).
R
l
(k) has a seond order pole at θ = iπ2 , i.e. for θ ∼ iπ2 it an be written as
R
l
(k) ∼ − 12e
−4z0
(θ − iπ2 )2
This seond order pole an be explained in the same way as in the sine-Gordon ase. We
assume that in the full quantum reetion amplitude R
q
(θ) there is a pole lose to iπ2 in
suh a way, that in the semilassial limit (i.e. when λ → 0) it oinides with the rst order
'quantum' pole at θ = iπ2 :
R
q
(θ) ∼ A
(θ − iπ2 )(θ − i(π2 − u))
, lim
λ→0
u = 0
Indeed in this ase the residue of R
q
(θ) at θ = iπ2 is
Res
θ=iπ
2
R
q
(θ) = −iA
u
(2.23)
while lassially one obtains
R
l
(k) ∼ A
(θ − iπ2 )2
where
A = −12e−4z0 (2.24)
This mehanism an only work if in the bulk theory there is a fusion of appropriate bulk
partiles to generate the extra pole. Fortunately in the bulk spontaneously broken Φ4 theory
there is a rather omplex semilassial spetrum of 'approximate breathers' [20℄ and u an be
identied with the fusion angle assoiated to the seond lightest partile B2 as a bound state
of two opies of the lightest partile B1:
2m1 cos u = m2
Using the semilassial formulae for m1 and m2 [20℄ we get
cos u =
m2
2m1
−→ 1− 9
32
λ2
m4
i.e.
u =
3
4
λ
m2
(2.25)
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Figure 2.1: Qualitative behaviour of the lassial ground state solution
for λ→ 0. Substituting (2.24,2.25) into the denition of g gives
i
g2
2
= Res
θ=iπ
2
R
q
(θ) = i
16m2
λ
e−4z0 , i.e. g = −m4
√
2√
λ
e−2z0 (2.26)
To obtain the expliit form of the third g parameter we onne the model to a strip of width
L by imposing Dirihlet boundary onditions (Φ(0, t) = Φ0 and Φ(L, t) = ΦL) and determine
the lassial ground state energy for asymptotially large L-s:
E(L) = E∞ − µg˜0 g˜Le−µL
(In the λ→ 0 limit the lassial energy gives the leading semilassial ontribution). Assuming
0 < Φ0 ,ΦL <
m√
λ
the qualitative behaviour of the stati ground state solution is depited in
the gure 2.1 (a quantitative desription an be given using the methods of [7℄).
The ground state is a solution of the stati lassial equation of motion (2.14) with U(Φ) =
λ
4 (Φ
2 − m2λ )2. To obtain the L dependene of C expliitely we introdue Φ(x) = m√λϕ(x),
Φ0,1,L =
m√
λ
ϕ0,1,L and C = −m44λ d2, in terms of whih the ondition determining d(L) is:
m√
2
L = F (φ(ϕ0)|α) + F (φ(ϕL)|α) , F (φ(v)|α) =
√
1−d∫
v
ds√
(1 + d− s2)(1 − d− s2) (2.27)
where F (φ(v)|α) is an ellipti integral of the rst kind with modular angle α and amplitude
φ(v) with
sinα =
√
1− d
1 + d
, sin2 φ =
1 + d
1− d
1− d− v2
1 + d+ v2
For L→∞ one has d→ 0 and F has the asymptoti behaviour
F (φ(v)|α) = 1
2
ln
8
d
− ln
√
1 + v
1− v
15
Using this in eqn. (2.27) determines the L dependene of d, whih nally leads to
E(L) = E∞ − 8µm
2
λ
1− ϕ0
1 + ϕ0
1− ϕL
1 + ϕL
e−µL
The boundary onditions require tanh z0 = −ϕ0 and tanh zL = ϕL, leading to
g˜0 = −m2
√
2√
λ
e2z0 , g˜L = −m2
√
2√
λ
e−2zL (2.28)
Combining eqn. (2.22,2.26) and (2.28) one obtains again that the semilassial limits of the
various g-s satisfy (2.20), i.e.
g¯i =
gi
2
√
2
=
g˜i√
2
, i = 0, L
even in this nonintegrable model.
In passing we note that one an onsider the Φ4 theory in the symmetri phase (i.e. without
spontaneous symmetry breaking, obtained formally by hanging the sign of m2 in (2.21))
along the same lines as we did in the previous subsetions for the sine-Gordon and for the
spontaneously broken Φ4 theories here. In this ase one an determine - using semilassial
onsiderations - the g oming from the VEV of the eld in the ground state, as well as
the g dened from the ground state energy on the strip and verify that they satisfy the
onjetured relation. For the g determined from the reetion amplitude one enounters the
following problem: although the dierential equation of the small utuations around the
ground state with the right boundary onditions an be solved and the lassial reetion
amplitude obtained, it exhibits the same seond order pole at θ = iπ2 as we enountered in the
sine-Gordon and spontaneously broken Φ4 theories. However, in the symmetri phase of Φ4
theory there is no analogue of the bulk soliton/kink solutions, and thus neither of their breather
bound states (exat or approximate). Despite this, the 'pole merging' mehanism desribed
in the previous ases still exists, but the pole whih ollides with the one already loated at
θ = iπ2 in the semilassial limit omes from outside the physial strip, as appropriate analyti
ontinuation of the reetion fators to this regime shows.
3 Boundary state formalism and proof of g-g¯-g˜ relations in D+1
dimensions
In this setion we analyze quantum eld theories in D + 1 dimensions in the presene of a
D dimensional at boundary. The orrelators are dened via the path integral approah,
and are then expressed using two alternative Hamiltonian desriptions of the system. If the
boundary is in spae ('open' hannel) the information on the boundary ondition is enoded
in the reetion fators, whih orresponds to the on-shell part of the orrelators. However,
when the boundary is situated in time ('losed' hannel), the information is ontained in the
boundary state. By deriving a redution formula in the 'losed' hannel we are able to relate
the matrix elements of this state to the on-shell part of the orrelators and thus to the reetion
fators. The knowledge of the boundary state, espeially the one-partile boundary oupling,
makes it possible to alulate the large distane behaviour of the one-point funtion, as well
as to determine the leading nite size orretions of the ground state energy (Casimir eet).
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Using the lustering property of the two-point funtion, these two quantities an be related
to the singular part of the one-partile reetion amplitude. In this setion we fous our
attention on one- and two-point funtions; the analysis of the multi-pont orrelation funtions
is relegated to the appendix.
3.1 The onept of the boundary state
Consider an Eulidean quantum eld theory of a salar eld Φ dened in a D+1 dimensional
half spaetime, parameterized as (x ≤ 0, y, ~r), in the presene of a odimension one at
boundary loated at x = 0. The orrelation funtions dened as
〈Φ(x1, y1, ~r1) . . .Φ(xN , yN , ~rN )〉 =
∫ DΦ Φ(x1, y1, ~r1) . . .Φ(xN , yN , ~rN ) e−S[Φ]∫ DΦ e−S[Φ] (3.1)
ontain all information about the theory. The measure in the funtional integral is provided
by the lassial ation
S[Φ] =
∫
d~r
∫ ∞
−∞
dy
[∫ 0
−∞
dx
(
1
2
(∂xΦ)
2 +
1
2
(∂yΦ)
2 +
1
2
(~∂Φ)2 + U(Φ)
)
+ UB(Φ(x = 0, y, ~r))
]
whih determines also the boundary ondition via the boundary potential UB .
This Eulidean quantum eld theory an be onsidered as the imaginary time version of
two dierent Minkowskian quantum eld theories. We an onsider y = it as the imaginary
time and so the boundary is loated in spae providing nontrivial boundary ondition for the
eld Φ. We refer to this desription as the open hannel. The eld Φ is an operator valued
distribution that satises the equal time ommutation relation
[Φ(x, t, ~r), ∂tΦ(x
′
, t, ~r ′)] = iδ(x− x′)δ(~r − ~r ′) ; x, x′ < 0
The spae of states in this Hamiltonian desription is the boundary Hilbert spae HB deter-
mined by the ongurations on the equal time slies. HB ontains multi-partile states and
is built over the boundary vauum |0〉B by the suessive appliation of the partile reation
operators
7
. In the asymptoti past the partiles do not interat and behave as free partiles
travelling towards the boundary; thus
HB =
{
a+in(k1,
~k1) . . . a
+
in(kN ,
~kN )|0〉B , k1 ≥ · · · ≥ kN > 0
}
where the operator a+in(k,
~k), normalized as
[ain(k,~k), a
+
in(k
′
, ~k ′)] = (2π)Dω(k,~k)δ(k − k′)δ(~k − ~k ′) ; k, k′ > 0
reates an asymptoti partile of mass m with transverse momentum k and parallel momen-
tum
~k. The orresponding energy is ω(k,~k) =
√
k2 + ~k2 +m2 =
√
k2 +meff(~k)2. In the
Heisenberg piture the time evolution of the eld
Φ(x, t, ~r) = eiHBtΦ(x, 0, ~r)e−iHBt
7
One an also introdue partile-like exitations onned to the boundary [21℄, but here we do not onsider
them for simpliity.
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is generated by the following boundary Hamiltonian
HB =
∫
d~r
[∫ 0
−∞
dx
(
1
2
Π2t +
1
2
(∂xΦ)
2 +
1
2
(~∂Φ)2 + U(Φ)
)
+ UB(Φ(x = 0))
]
The orrelator (3.1) an then be understood as the matrix element
〈Φ(x1, y1, ~r1) . . .Φ(xN , yN , ~rN )〉 = B〈0|Tt (Φ(x1, t1, ~r1) . . .Φ(xN , tN , ~rN )) |0〉B
where Tt denotes time ordering with respet to time t, and the vauum |0〉B is normalized to
1.
Alternatively we an onsider x = iτ as the Minkowskian time. In this ase the boundary
is loated in time and we an use the usual innite volume Hamiltonian desription. This is
referred to as the losed hannel. The Hilbert spae is the bulk Hilbert spae H spanned by
multi-partile in states
H =
{
A+in(κ1,
~k1) . . . A
+
in(κN ,
~kN )|0〉 , k1 ≥ · · · ≥ kN
}
where the partile reation operators are normalized as
[Ain(κ,~k), A
+
in(κ
′
, ~k ′)] = (2π)Dω(κ,~k)δ(κ − κ′)δ(~k − ~k ′)
Time evolution
Φ(τ, y, ~r) = eiHτΦ(0, y, ~r)e−iHτ
is generated by the bulk Hamiltonian
H =
∫
d~r
∫ ∞
−∞
dy
(
1
2
Π2τ +
1
2
(∂yΦ)
2 +
1
2
(~∂Φ)2 + U(Φ)
)
The boundary appears in time as a nal state in alulating the orrelator (3.1):
〈Φ(x1, y1, ~r1) . . .Φ(xN , yN , ~rN )〉 = 〈B|Tτ (Φ(τ1, y1, ~r1) . . .Φ(τN , yN , ~rN )) |0〉
The state 〈B| is alled the boundary state, whih is an element of the bulk Hilbert spae and
is dened by the equality of the two alternative Hamiltonian desriptions
〈B|Tτ (Φ(τ1, y1, ~r1) . . .Φ(τN , yN , ~rN )) |0〉 = B〈0|Tt (Φ(x1, t1, ~r1) . . .Φ(xN , tN , ~rN )) |0〉B
where the orrespondene is valid if (iτ, y) is identied with (x, it). Using asymptoti om-
pleteness the boundary state an be expanded in the basis of asymptoti in states as
〈B| = 〈0|
{
1 + K¯1Ain(0, 0) +
∫ ∞
0
dκ
2π
∫
d~k
(2π)D−1ω(κ,~k)
K¯2(κ,~k)Ain(−κ,−~k)Ain(κ,~k) + . . .
}
(3.2)
whih we refer to as the luster expansion for the boundary state (where due to translational
invariane only bulk multi-partile states with zero total momentum an appear). The bars on
top of the K oeients indiate that the above expansion is that of the onjugate boundary
state.
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3.2 One-point funtion and K1
The one-point funtion of the eld, due to unbroken Poinaré symmetry along the bound-
ary, only has a nontrivial dependene on x and an be written (using the 'open' hannel
formulation) as
B〈0|Φ(x, t, ~r)|0〉B = G1bdry(x)
Going over to momentum spae by Fourier transformation
B〈0|Φ(x, t, ~r)|0〉B =
∫
dω
2π
∫
d~k
(2π)D−1
∫
dk
2π
ei(ωt−kx−~k~r)G1bdry(ω, k,~k)
and analyzing the all order perturbative expression the following form is obtained:
G1bdry(ω, k,
~k) = (2π)Dδ(ω)δ(~k)G2bulk(ω, k,
~k)
[
2πδ(k)G1bulk +B
1
bdry(k)
]
Unbroken translational invariane along the boundary is manifested in the onservation of
energy and parallel momentum. Summing up the ontributions of the outer leg the bulk two-
point funtion, a pre-fator G2bulk an always be isolated. The remaining fator has a part
that preserves the transverse momentum (whih is the same as the bulk one-point funtion
G1bulk) and another one whih depends on the boundary ondition and violates transverse
momentum onservation. The bulk two-point funtion has the well-known Källen-Lehmann
representation in terms of the spetral funtion σ(m)
G2bulk(ω, k,
~k) =
iZ
ω2 − k2 − ~k2 −m2 + iǫ
+
∫ ∞
2m
dm
′ iσ(m
′
)
ω2 − k2 − ~k2 −m′2 + iǫ
where the wave funtion renormalization onstant Z haraterizes the strength of the on-
shell part. Performing the energy-momentum integration and piking up the pole terms the
one-point funtion an be expressed as
B〈0|Φ(x, t, ~r)|0〉B = 〈0|Φ(0)|0〉 − iZ
2m
B1bdry(im)e
mx −
∫ ∞
2m
dm
′ iσ(m
′
)
2m′
B1bdry(im
′
)em
′
x
(3.3)
From this we an read o the leading large distane behaviour (dominated by the on-shell
part):
B〈0|Φ(x, t, ~r)|0〉B = 〈0|Φ(0)|0〉 + g¯emx ; g¯ = − iZ
2m
B1bdry(im) (3.4)
Our aim now is to onnet the quantity g¯ to the oeient K1 of the boundary state (3.2).
This an be aomplished by alulating the matrix element
〈B|A+in(k,~k)〉 = (2π)Dω(κ,~k)δ(κ)δ(~k)K¯1
in the losed hannel. Using the redution formula derived in the appendix, it an be expressed
in terms of the one-point funtion as
〈B|A+in(κ,~k)〉 =
i√
2Z
∫ ∞
−∞
dy
∫ 0
−∞
dτ
∫
d~r e−iω(κ,~k)τ+iκy+i~k~r{
∂2τ − ∂2y − ~∂2 +m2 − δ(τ)(∂τ + iω(κ,~k))
}
〈B|Φ(τ, y, ~r)|0〉
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In the appendix it is also shown that only the on-shell part of the orrelator ontributes to
the quantities K, and thus one an substitute
〈B|Φ(τ, y, ~r)|0〉 = B〈0|Φ(x = iτ, t = −iy, ~r)|0〉B ≈ − iZ
2m
eimτB1bdry(im)
Plugging this expression bak we obtain
K¯1 =
−i
m
√
Z
2
[
G1boundary(im)
]
= g˜
from whih using (3.4) we an establish the relation
g¯ =
√
Z
2
g˜
We note that the derivation remains valid if the Lagrangian eld Φ is replaed by any bulk in-
terpolating eld for the asymptoti partiles and its appropriate wave funtion renormalization
Z.
3.3 Two-point funtion and the relation between R11 and K
2
The two-point funtion in the open hannel (using the unbroken spaetime symmetries) an
be written as
B〈0|T (Φ(x, t, ~r)Φ(x′ , t′ , ~r ′))|0〉B =∫
dω
2π
∫
d~k
(2π)D−1
∫
dk
2π
∫
dk
′
2π
eiω(t−t
′
)−ikx−ik′x′−i~k(~r−~r ′ )G˜2bdry(ω, k, k
′
, ~k)
after integrating out ω′ and ~k′ using the delta-funtions in (A.3), where
G˜2bdry(ω, k, k
′
, ~k) = 2πδ(k − k′)G2bulk(ω, k,~k) +G2bulk(ω, k,~k)B2bdry(ω, k, k
′
, ~k)G2bulk(ω, k
′
, ~k)
Its on-shell part determines the two-partile reetion fator, whih is the probability ampli-
tude of a transition from a one-partile initial state |k′ , ~k′〉in = a+in(k,~k)|0〉B into a one-partile
nal state |k,~k〉out = a+out(k,~k)|0〉B and an be expressed as the matrix element:
out〈k,~k|k′ , ~k ′〉in = (2π)Dω(k,~k)δ(k − k′)δ(~k − ~k ′)R11(ω(k,~k), k)
where R11 is the one-partile to one-partile reetion fator (f. (A.5)). In order to simplify
notation (and to onform better with the onventions of setion 2) we drop the indies and
denote R11 simply by R from now on. The boundary redution formula onnets it to the
orrelator as
8
out〈k,~k|k′ , ~k ′〉in = out〈k,~k|k′ , ~k ′〉out
−2Z−1
∫ 0
−∞
dx
∫
dt
∫
d~r e−iω(k,~k)t+i~k~r cos(kx)
{
∂2t − ∂2x − ~∂2 +m2 + δ(x)∂x
}
∫ 0
−∞
dx
∫
dt
∫
d~r e−iω(k
′
,~k
′
)t
′
+i~k
′
~r
′
cos(k
′
x
′
)
{
∂2
t′
− ∂2
x′
− ~∂′2 +m2 + δ(x′)∂x′
}
B〈0|Tt(Φ(x, t, ~r)Φ(x′ , t′ , ~r ′))|0〉B
8
The normalization of the reation operators agrees with [10℄ but diers by a fator
√
2 ompared to [21℄
and this aets the redution formulae.
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As was explained in [21℄ and is shown in the appendix only the on-shell part ontributes. As
a onsequene we an keep the on-shell part from the bulk two-point funtion and represent
the orrelator equivalently as
B〈0|Tt(Φ(x, t, ~r)Φ(x′ , t′ , ~r ′))|0〉B ≈∫
dω
2π
dk
2π
d~k
(2π)D−1
iZe−iω(t−t
′
)ei
~k(~r−~r ′ )
ω2 − k2 − ~k2 −m2 + iǫ
[
e−ik(x−x
′
) +
Z
2k
B2bdry(ω, k, k,
~k)e−ik(x+x
′
)
]
Plugging this expression into the redution formula, the bulk part of the two-point funtion
anels the disonneted piee and the reetion fator turns out to be
R(ω(k,~k), k) =
Z
2k
B2bdry(ω(k,
~k), k, k,~k)
Let us onnet this quantity to the quantity K2 in the boundary state (3.2), onsidering the
following matrix element:
〈B|A+in(κ,~k)A+in(κ
′
, ~k
′
)〉 = (2π)Dω(κ,~k)δ(κ + κ′)δ(~k + ~k ′)K¯2(κ,~k)
where κ > κ
′
is assumed. Applying the result of the redution formula presented in the
appendix we have
〈B|A+in(κ,~k)a+in(A
′
, ~k
′
)〉 =
−(2Z)−1
∫ ∞
−∞
dy
∫ 0
−∞
dτ
∫
d~r e−iω(κ,~k)τ+iκy+i~k~r
{
∂2τ − ∂2y − ~∂ 2 +m2 − δ(τ)(iω(κ,~k) + ∂τ )
}
∫ ∞
−∞
dy
′
∫ 0
−∞
dτ
′
∫
d~r ′ e−iω(κ
′
,~k
′
)τ
′
+ik
′
y
′
+i~k
′
~r
′
{
∂2
τ ′
− ∂2
x′
− ~∂′2 +m2 − δ(τ ′)(iω(κ′ , ~k ′) + ∂τ ′ )
}
〈B|Tτ (Φ(τ, y, ~r)Φ(τ ′ , y′ , ~r ′)|0〉
Using the on-shell part of the two-point funtion and exhanging the role of spae and time
as x = iτ and y = it we obtain
〈B|Tτ (Φ(τ, y, ~r)Φ(τ ′ , y′ , ~r ′)|0〉 = B〈0|Tt(Φ(x, t, ~r)Φ(x′ , t′ , ~r ′))|0〉B ≈∫
dω
2π
dk
2π
d~k
(2π)D−1
iZeik(y−y
′
)ei
~k(~r−~r ′)
ω2 − k2 − ~k2 −m2 + iǫ
[
eiω(τ−τ
′
) +
Z
2iω
B2bdry(−ik, iω, iω,~k)eiω(τ+τ
′
)
]
where additionally we also exhanged the role of the energy and transverse momentum as
ω ↔ −ik. In the redution formula the bulk part depending on τ − τ ′ does not ontribute
and we obtain
K¯2(κ,~k) =
Z
2iω(κ,~k)
B2bdry(−iκ, iω(κ,~k), iω(κ,~k), ~k)
whih means that the relation between K¯2 and R is
K¯2(κ,~k) = R(ω → −iκ, k → iω)
In two spaetime dimensions one an use the rapidity parametrization
ω = m coshϑ , κ = m sinhϑ
and then
K¯2 (ϑ) = R
(
i
π
2
+ ϑ
)
whih is the same as the relation derived by Ghoshal and Zamolodhikov [1℄.
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3.4 The onnetion between g¯ and the reetion fator
The singularity property of the two-partile reetion fator generally follows from unitarity,
similarly to the well-known bulk theory of the analyti S matrix. Unitarity of the reetion
operator R an be expressed in terms of the interation matrix T as
RR+ = (1 + iT )(1 − iT +) = 1
Calulating the one-partile matrix element of this relation between states |k,~k〉B and |k′ , ~k′〉B
and inserting a resolution of the identity we have
2ℑmT (k,~k)(2π)Dω(k,~k)δ(k − k′)δ(~k − ~k′) = B〈k,~k|T |0〉B B〈0|T +|k′ , ~k′〉B +∑
n
∫
d~q
(2π)D−1ω(iun (~q) , ~q)
B〈k,~k|T |iun (~q) , ~q〉B B〈iun (~q) , ~q|T +|k′ , ~k′〉B +∫
d~q
(2π)D−1
∫ ∞
0
dq
2πω(q, ~q)
B〈k,~k|T |q, ~q〉B B〈q, ~q|T +|k′ , ~k′〉B + . . .
where the seond term on the right hand side orresponds to boundary bound states (degrees of
freedom propagating along the boundary) whih are pole singularities loated at k = iun
(
~k
)
with 0 < un(~k) < m. Unitarity (as expressed above) gives the following relation for the residue
of the reetion fator:
2ℑm
[
ω(iu,~k)R(iu, 0)
]
= 2π
ω(iu, 0)
iu
δ(k − iu)Cn
(
~k
)
Cn
(
~k
)†
where Cn
(
~k
)
is the strength of the on-shell vertex orresponding to the reation of the
boundary bound state by the bulk partile.
Using the unbroken spaetime symmetries we an extrat energy and parallel momentum
onservation whih in the rst term gives
B〈k,~k|T |0〉B = B〈k,~k|R|0〉B = (2π)Dδ(~k)δ(ω(k,~k))R1(im)
This term vanishes at physial energies but we an try to make an analytial ontinuation
via the boundary redution formula and express R1 from the one-point funtion. The energy
delta funtion an be rewritten as
δ(ω(k,~0)) =
ω(k,~0)
k
δ(k − im)
and the kinematial pre-fator vanishes exatly at the momentum value it is onentrated
on. This shows that the singularity of the two-partile reetion matrix at k = im and
~k = 0 is not a pole in the momentum variable k. We see that in this ase the unitarity
argument does not onnet the singular part of the reetion fator to the one-partile emission
amplitude and so to the on-shell part of the one-point funtion. The fat that there is an
essential dierene between the behaviour of this partiular type of singularity and the ones
assoiated to boundary bound states is onsistent with their dierent treatment in the Bethe-
Yang analysis presented in subsetion 2.1.3. Therefore we hoose an alternative way to onnet
the strength of the singularity in the reetion fator to the VEV of the eld, making use of
the lustering property of the two-point funtion.
22
In the Eulidean regime the on-shell part of the two-point funtion, whih determines its
behaviour in the asymptoti regime far from the boundary, reads as
B 〈0|Φ(x, y,~r)Φ(x′ , y′ , ~r′) |0〉B ≈ (3.5)∫
dρ
2π
dk
2π
d~k
(2π)D−1
Z
ρ2 + k2 + ~k2 +m2
e−iρ(y−y
′
)ei
~k(~r−~r′ )
{
e−ik(x−x
′
) +R(k,~k)e−ik(x+x
′
)
}
where we supposed t > t
′
and introdued ω = −iρ, t = iy. Cluster property implies that for
large temporal separation the Eulidean two-point funtion satises
B 〈0|Φ(x, y,~r)Φ(x′ , y′ , ~r′) |0〉B = B 〈0|Φ(x, y,~r) |0〉B B 〈0|Φ(x
′
, y
′
, ~r
′
) |0〉B +O
(
e−µ|y−y
′ |
)
with some harateristi sale µ that orresponds to the gap in the spetrum above the vauum.
The presene of the disonneted piee signals the nontrivial vauum expetation value of the
eld Φ (whih is time independent ∂y 〈0|Φ(x, y,~r) |0〉 = 0 due to y-translational invariane,
and is also independent of ~r for a similar reason). In the asymptoti regime we then expet
the following behaviour
B 〈0|Φ(x, y,~r)Φ(x′ , y′ , ~r′) |0〉B ∼ g˜2em(x+x
′
) |y − y′ | → ∞ (3.6)
In a free theory, with Z = 1 and R(k,~k) = ±1 (orresponding to Neumann/Dirihlet boundary
onditions), the integral (3.5) an be evaluated expliitely with the result
1
2π
(K0 (mr−)±K0 (mr+)) , r± =
√
(y − y′)2 + (x± x′)2 + (~r − ~r′)2
whih deays exponentially when |y− y′ | → ∞ and so there is no disonneted piee. In fat,
this remains true as long as R(k,~k) is regular at k = ±im as will be implied by the analysis
below.
Here we have to make an Ansatz for the singularity type of the reetion fator. The
expetation from its struture is that it provides the needed lustering, moreover it should
math with the exat results available in two dimensions. In two dimensional integrable
theories the singularity of the reetion fator at ϑ = iπ2 is a pole in the rapidity variable
(k = m sinh θ) of the form
R(ϑ) ∼ ig
2/2
ϑ− iπ2
∼ − g
2/2
coshϑ
Changing the rapidity variable to the momentum this orresponds to the behaviour
R(k) ∼ − mg
2/2√
k2 +m2
Observe that the singularity in the variable k is not of a pole type, but is milder, just as
expeted from the unitarity argument. In higher dimensions we expet this singularity to be
onneted with the virtual one-partile emission (just as in the 1+1 dimensional ase), and
due to parallel momentum onservation it is expeted to have the following form:
R(k,~k) ∼ − mg
2/2√
k2 + ~k2 +m2
(2π)Dδ(~k) (3.7)
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Suh a term introdues a singularity at k2 = −m2 where the on-shell value of ρ is 0 whih
means a ontribution whih is onstant in the temporal separation |y − y′ |. We remark that
in order to obtain this behaviour from the analyti R-matrix theory the lassiation and
analysis of Coleman-Thun diagrams at this partiular kinematial point is neessary whih is
outside the sope of the present onsiderations (for a general exposition see [21℄).
We an alulate the eet of this singularity in the following way. For deniteness, let us
speify y > y
′
: then the integration ontour in (3.5) an be losed in the ℑmρ < 0 half-plane
giving the result
B 〈0|Φ(x, y,~r)Φ(x′ , y′ , ~r′) |0〉B = −
∫
dk
2π
Z
2
√
k2 +m2
e−
√
k2+m2(y−y′)
{
− mg
2/2√
k2 +m2
e−ik(x+x
′)
}
where we have also performed the trivial
~k integration. Remembering now that x+x′ < 0 we
an lose the ontour in this term in the lower half-plane whih gives
B 〈0|Φ(x, y,~r)Φ(x′ , y′ , ~r′) |0〉B ∼
g2
8
Zem(x+x
′) + . . .
and omparing to (3.6) it follows that
g¯ =
g
2
√
Z
2
and so
g˜ =
g
2
It is useful to stress that for D > 1 this result shows just the onsisteny of the assumption
(3.7). In 1 + 1 dimensions, however, the exat reetion fators of many integrable theories
are known expliitely, and exhibit a pole at ϑ = iπ/2, and in this ase the luster argument
is in fat a eld theoreti proof of a relation between g and g˜ (valid also for the nonintegrable
ase), onjetured in [3℄ and heked using both theoretial and numerial arguments in [4℄.
3.5 Finite size energy orretion from the boundary state
We now alulate the ground-state energy per transverse volume, Eαβ0 (L), of the system
onned by two hyperplanes to the interval 0 ≤ x ≤ L and subjet to boundary onditions
labelled by α and β at the two ends. In doing so we ompatify the other diretions to irles
of perimeter R with periodi boundary onditions and alulate the partition funtion in
two dierent ways, orresponding to the two dierent Hamiltonian desriptions of the system
introdued previously. In the open hannel (where y = −it is the imaginary time) the partition
funtion an be written as
Z(L,R) = Tr(e−RHαβ(L,R))
whih for large R behaves as
lim
R→∞
Z(L,R) = e−E
αβ
0 (L)V + small orretion
where V = RD. In the losed hannel (where x = it is the Eulidean time) the partition
funtion is given by the following matrix element.
Z(L,R) = 〈Bα|e−LH(R)|Bβ〉
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Inserting a omplete set of eigenstates of the periodi (bulk) Hamiltonian H(R)
Z(L,R) =
∑
n
〈Bα|n〉〈n|Bβ〉
〈n|n〉 e
−En(R)L
We onentrate on the leading nite size orretion to the ground state energy Eαβ0 (L) and
take L to be large. As a onsequene the low lying energy levels dominate the sum:
Z(L,R) = e−E0(R)L

1 +∑
κ,~k
〈Bα|κ,~k〉〈κ,~k|Bβ〉
〈κ,~k|κ,~k〉
e−ω(κ,~k)L + . . .


where the sum is over one-partile states with momentum (κ,~k). The nite volume restrits
the momentum to be κ = 2πR n, and ki =
2π
R ni and the normalization of the reation operators
beomes
[Ain(κ,~k), A
+
in(κ
′
, ~k
′
)] = V ω(κ,~k)δκ,κ′δ~k,~k′
Using the form of the boundary state (3.2) yields
Z(L,R) = e−E0(R)L
[
1 +mV K¯1αK
1
βe
−mL + . . .
]
We normalize the ground-state energy with periodi boundary ondition to zero: E0(R) = 0.
As a result the ground state energy per transverse volume at leading order in L has the form
Eαβ0 (L) = −mK¯1αK1βe−mL + . . . (3.8)
If one of the K1-s is zero then the leading orretion omes from two-partile states. Although
we explained this situation in [4, 10℄, for ompleteness we reall the derivation of the leading
nite size orretion. Using the luster expansion (3.2), the partition funtion an be written
as
Z(L,R) = e−E0(R)L

1 + ∑
κ,~k,κ′ ,~k′
〈Bα|κ,~k, κ′ , ~k′〉〈κ,~k, κ′ , ~k′ |Bβ〉
〈κ,~k, κ′ , ~k′ |κ,~k, κ′ , ~k′〉
e−ω(κ,~k)L−ω(κ
′
,~k
′
)L + . . .


The spetrum of the possible κ, κ
′
has to be determined by solving the sattering problem of
the two partiles in volume V exatly. However, in the innite volume limit the interation
between the partiles an be negleted. (For large L the main ontribution to the ground state
energy omes from the low lying energy levels, for whih this approximation beomes exat
as R→∞.) Using the expliit form of the boundary state, the result for the Casimir energy
(per unit transverse area) is
Eαβ0 (L) = −
∫
d~k
(2π)D−1
∫ ∞
0
dκ
2πω(κ,~k)
K¯2α(κ,
~k)K2β(κ,
~k)e−2ω(κ,~k)L
as we explained in our previous paper [10℄, where it was derived using the assumption that the
modes indexed by
~k an be treated as independent two-dimensional degrees of freedom (their
interation only entering higher order terms expliitly). The present derivation, however,
ompletely dispenses with this additional assumption.
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4 Conlusion
In this paper we have onsidered the relation between one-point funtion, nite size orretions
to ground state energy and the analyti struture of sattering amplitudes in a general bound-
ary QFT. Our main result is the derivation from rst priniples of the relations (1.3,1.6)
between the parameters haraterizing these quantities for a general D+1 dimensional quan-
tum eld theory.
Besides giving a solid theoretial bakground to preexisting results, we developed the
formalism of the boundary state for the D + 1 dimensional ase, together with a new set of
redution formulae relating the boundary state to the orrelation funtions, whih an be used
to express the luster expansion of the boundary state in terms of the boundary sattering
amplitudes.
The resulting formalism an be used to address various issues in boundary quantum eld
theory. In addition to the derivation of the relation between the g parameters and its exten-
sion to general eld theories, we have shown that it an be used to derive the large volume
asymptotis of the Casimir eet. In partiular in the ase when there is no one-partile
oupling to the boundary, we proved that the result of [10℄ for the leading behaviour is indeed
universal, even for interating elds. We extended this result by giving the leading term in
the Casimir energy (3.8) for the ase with nonvanishing one-partile oupling, and used our
results to relate it to the asymptoti behaviour of the vauum expetation value of the in-
terpolating eld. It is important to note that it relates the planar Casimir eet to physial
quantities (vauum expetation values, reetion fator) that are alulable in the innite vol-
ume boundary quantum eld theory, whih is a muh simpler setting than the nite volume
ase. In addition, the expression is free of any ultraviolet divergenes right from the start, the
underlying reason being that it involves only relations between physial (i.e. renormalized)
entities, as was already disussed in [10℄. It also noteworthy that it gives a general formula for
the dependene of the Casimir eet on the material properties of the boundary (haraterized
by the reetion fators) in the planar setting.
In priniple, the luster expansion for the boundary state (3.2) provides a systemati large
volume expansion of the Casimir energy (and other quantities, suh as vauum expetation
values) if higher partile terms are inluded. However, in the ase when the reetion fator
has a singularity orresponding to the one-partile oupling, even the two-partile term is
divergent in general. This is a sort of infrared divergene, whih in the ase of the ground
state energy is known to be eliminated by resummation of the series using e.g. thermodynami
Bethe Ansatz (f. [4℄ where a regular large volume expansion is derived from boundary TBA),
but this method only works for integrable theories (or for theories in D + 1 dimensions with
trivial bulk and ompletely elasti boundary sattering). It is plausible that something similar
happens in the ase of nonintegrable theories as well, but there is as yet no method to perform
a resummation of the relevant terms, whih remains an interesting open problem.
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A Redution formulae
In this appendix we reall the derivation of the redution formula in the open hannel and
show its physial meaning, namely that it onnets the reetion fators to the on-shell part of
the boundary Green funtions. Then we derive an analogous redution formula in the losed
hannel, and show that only the on-shell part of the boundary Green funtion ontributes to
the boundary state, thus a relation between the boundary state and the reetion fator is
established.
A.1 Redution formula in the open hannel
The multi-partile reetion matrix is dened as the matrix element
Rlk =
out
B 〈p1, ~p1; . . . ; pk, ~pk|q1, ~q1; . . . ; ql, ~ql〉inB
= outB 〈p1, ~p1; . . . ; pk, ~pk|a+in(q1, ~q1)|q2, ~q2; . . . ; ql, ~ql〉inB (A.1)
The reation operator of the initial partile state an be written in terms of the asymptoti
eld as
a+in(k,
~k) = − i√
2
∫ 0
−∞
dx cos(kx)
∫
d~r ei
~k~r e−iω(k,~k)t
←→
∂t Φin(x, t, ~r)
Using the property that the interpolating (interating) eld approahes the free asymptoti
elds as
Φ(x, t, ~r)→ Z1/2Φin/out(x, t, ~r) for t→ ∓∞
we obtain the following form of the reetion matrix
Rlk =
out
B 〈p1, ~p1; . . . ; pk, ~pk|a+out(q1, ~q1)|q2, ~q2; . . . ; ql, ~ql〉inB +
i
√
2
Z
∫ 0
−∞
dx
∫
d~rei~q1~r
∫
dt∂t{cos(q1x)e−iω(q1,~q1)t←→∂t B〈out|Φ(x, t, ~r)|in〉B}
where B〈out|, (|in〉B) is the shorthand form for outB 〈p1, ~p1; . . . ; pk, ~pk| and |q2, ~q2; . . . ; ql, ~ql〉inB ,
respetively. It is neessary to be areful when performing the partial integration and keep
the surfae term. The onneted part turns out to be
i
√
2
Z
∫ 0
−∞
dx
∫
dtd~re−iω(q1,~q1)tei~q1~r cos(q1x){∂2t −∂2x− ~∂2+m2+ δ(x)∂x}B〈out|Φ(x, t, ~r)|in〉B
(A.2)
Repeating the same proedure one an express the reetion fator as the produt of integro-
dierential operators ating on the Green funtions. The onneted part is related to the
N -pont funtion, while the disonneted one appears when at least one of the inoming mo-
mentum (say (qi, ~qi)) oinides with one of the outgoing momentum (say (pj , ~pj)). It ontains
a delta funtion singularity (2π)Dω(qi, ~qi)δ(qi − pj)δ(~qi − ~pj) whose oeient is related to
the N − 2 point funtion. Here we would like onentrate on the onneted part and to show,
that the operator in (A.2) trunates the leg of the momentum spae Green funtion and puts
its momentum on-shell.
The momentum spae Green funtion is dened by Fourier transformation
B〈0|Tt (Φ(x1, t1, ~r1) . . .Φ(xN , tN , ~rN )) |0〉B =
N∏
j=1
∫ ∞
−∞
dωj
2π
eiωjtj
∫ ∞
−∞
dkj
2π
e−ikjxj
∫ ∞
−∞
d~kj
(2π)D−1
e−i~kj~rjGNbdry({ωi, ki, ~ki})
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Inspeting the perturbative expansion we an always write
GNbdry({ωi, ki, ~ki}) = (2π)Dδ(
∑
j
ωj)δ(
∑
j
~kj)


dis.+
∏
j
G2bulk(ωj, kj ,
~kj)B
N
bdry({ωi, ki, ~ki})


(A.3)
where the disonneted part ontains at least one partile whih is unaeted by the boundary,
that is a term proportional to (2π)Dδ(ki − kj)δ(~ki − ~kj). 9 Using the Källen-Lehman form of
the bulk two-point funtion the ontribution of a single leg an be written as∫
dω
2π
dk
2π
d~k
(2π)D−1
eiωte−ikxe−i~k~r (A.4)[
iZ
ω2−k2−~k2−m2+iǫ +
∫∞
2m
iσ(m
′
)dm
′
ω2−k2−~k2−m′2+iǫ
]
BNbdry(ω, k,
~k, . . . )
We are interested in the ation of the operator∫ 0
−∞
dx
∫
dtd~re−iω(q,~q)tei~q~r cos(qx){∂2t − ∂2x − ~∂2 +m2 + δ(x)∂x}
appearing in (A.2) on (A.4). Calulating the derivatives ∂t, ~∂ and performing the t, ~r integrals
expliitely, we obtain (2π)Dδ(ω(q, ~q)−ω)δ(~q−~k), and thus the ω and ~k integral replaes every
ω by ω(q, ~q) and every ~k by ~q. So it remains to be shown that the operator∫ 0
−∞
dx cos(qx)
{−∂2x − q2 + δ(x)∂x}
operator trunates the leg∫ ∞
−∞
dk
2π
e−ikx
[
iZ
q2 − k2 + iǫ +
∫ ∞
2m
iσ(m
′
)dm
′
q′2 − k2 + iǫ
]
BNbdry(ω(q, ~q), k, ~q, . . . )
where q
′2 = q2 +m2 −m′2. The ations of −∂2x − q2 and δ(x)∂x an be omputed separately.
The seond is simpler: it gives a fator −ik and substitutes x = 0 in the k integral. The term
−∂2x−q2 gives a fator k2−q2 but now the x integral is nontrivial and we use that the ontour
an be losed on the upper half plane giving
2
∫ 0
−∞
dx cos(qx)e−ikx+ǫx =
1
−i(k − q) + ǫ +
1
−i(k + q) + ǫ
= i
(
P 1
k−q
+ P 1
k+q
)
+ π (δ(k − q) + δ(k + q))
Consider rst the terms ontaining the spetral density σ. Due to the pre-fator k2 − q2 the
delta funtions do not ontribute and the prinipal value an be replaed by the funtion itself,
whih just kills the other σ term oming from the δ(x)∂x term. Now we analyze the terms
ontaining Z. In the formula for δ(x)∂x we write
−ik iZ
q2 − k2 + iǫ = −
Z
2
[
1
k + q + iǫ
+
1
k − q − iǫ
]
9
This denition of the disonneted part is slightly dierent from the one used for the two-point ase in our
previous work [21℄ but is more onvenient for multi-point funtions.
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The terms with the denominator k+ q+ iǫ anel, while the ones with denominators k− q± iǫ
ombine together to give delta funtions resulting in
− iZ
2
BNbdry(ω(q, ~q), q, ~q, . . . )
whih, ombined with the pre-fator i
√
2
Z in the redution formula, gives the ontribution of
one leg as √
Z
2
BNbdry(ω(q, ~q), q, ~q, . . . )
Redution of an outgoing partile gives rise to the same eet, so olleting the ontributions
of all legs the onneted part is simply
Rlk = (2π)
Dδ(
∑
i
ω(pi, ~pi)−
∑
j
ω(qj, ~qj))δ(
∑
i
~pi −
∑
j
~qj)
(
Z
2
) k+l
2
×
BNbdry(ω(pi, ~pi), pi, ~pi, ω(qj , ~qj), qj , ~qj) (A.5)
In addition to the onneted part treated above, there are two types of disonneted parts: one
from the redution formula itself, and the other originating from the disonneted part of the
Green funtion (A.3). Using indution in the number of partiles it is easy to show that the
two ontributions anel eah other, and therefore (A.5) is the nal answer to the reetion
fator. It also agrees with the results for the two-partile ase in [21℄ after aounting for the
dierene in the normalization onventions.
A.2 Redution formula in the losed hannel
In the losed hannel the Hilbert spae is idential to that of the bulk theory, and the quantities
of interest are the multi-partile matrix elements of the boundary state:
〈B|q1, ~q1; . . . ; qN , ~qN 〉in = (2π)Dδ(
∑
j
qj)δ(
∑
j
~qj)ω (q1, ~q1)K
N ({qi, ~qi})
(ω (q1, ~q1) is a normalization fator introdued for onveniene in order to onform with the
onventions forK1 andK2 in the main text). In the bulk theory matrix elements are expressed
in terms of the orrelators via the redution formula, but due to the presene of a boundary
in time they need to be modied. First we express A+in(q1, ~q1) in terms of the in eld as
〈B|A+in(q1, ~q1)|q2, ~q2; . . . ; qN , ~qN 〉in = −
i√
2
∫ ∞
−∞
dyd~r e−iω(q1,~q1)τ+iq1y+i~q1~r
←→
∂τ 〈B|Φin(τ, y, ~r)|in〉
where |in〉 is a shorthand for |q2, ~q2; . . . ; qN , ~qN 〉in. Now we use that for large negative τ the
interating eld approahes the asymptoti eld
lim
τ→−∞Φin(τ, y, ~r) = Z
−1/2Φ(τ, y, ~r)
and also
f(τ) = f(0)−
∫ 0
τ
∂τfdτ
′
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to obtain the rule for the elimination of a partile from the initial state:
〈B|A+in(q1, ~q1)|q2, ~q2; . . . ; qN , ~qN 〉in =
i√
2Z
∫ ∞
−∞
dy
∫ 0
−∞
dt
∫
d~r e−iω(q1,~q1)τ+iq1y+i~q1~r{
∂2τ − ∂2y − ~∂2 +m2 − δ(τ)(∂τ + iω(q1, ~q1))
}
〈B|Φ(τ, y, ~r)|in〉
Applying this proedure suessively, the multi-partile matrix element an be expressed as
the produt of integro-dierential operators
i√
2Z
∫ ∞
−∞
dy
∫ 0
−∞
dt
∫
d~r e−iω(q,~q)τ+iqy+i~q~r
{
∂2τ − ∂2y − ~∂2 +m2 − δ(τ)(∂τ + iω(q, ~q))
}
ating on the orrelator. The redution formula obtained this way diers from its bulk oun-
terpart by the presene of the δ(τ) term. It also diers from the analogous expression (A.2)
in the open hannel by ontaining e−iω(q,~q)τ instead of cos(kx) and by the extra −iδ(τ)ω(q, ~q)
term. Despite these dierenes it an be shown that it also trunates the momentum spae
Green funtion and puts the momentum on-shell. To do so we rewrite the open hannel one
leg ontribution to the Green funtion (A.4) in terms of the losed hannel
∫ ∞
−∞
dω
2π
eiωτ
dk
2π
e−ikx
d~k
(2π)D−1
e−i~k~r[
iZ
ω2−k2−~k2−m2+iǫ +
∫∞
2m
iσ(m
′
)dm
′
ω2−k2−~k2−m′2+iǫ
]
BNbdry(−ik, iω,~k, . . . )
In parallel with the open hannel alulation we an eliminate the dependene on k, and ~k
by performing expliitly the dierentiations and integrations. Finally it remains to show that
the operator ∫ 0
−∞
dτ e−iω(q,~q)τ
{
∂2τ + ω(q, ~q)
2 − δ(t) (iω(q, ~q) + ∂τ )
}
trunates the leg
∫ ∞
−∞
dω
2π
eiωτ
[
iZ
ω2 − ω(q, ~q)2 + iǫ +
∫ ∞
2m
iσ(m
′
)dm
′
ω2 − ω(q′ , ~q)2 + iǫ
]
BNbdry(−iq, iω, ~q, . . . )
where, as before, q
′2 = q2 +m2 −m′2. We ompute separately the ontributions from ∂2τ +
ω(q, ~q)2 and −δ(τ) (iω(q, ~q) + ∂τ ). The seond is simpler: it gives a fator −i(ω(q, ~q) + ω)
and substitutes τ = 0 in the ω integration. The operator ∂2τ + ω(q, ~q)
2
gives the fator
(−ω2 + ω(q, ~q)2) and the τ integration gives∫ 0
−∞
dτ e−iω(q,~q)τ eiωτ+ǫτ =
−i
ω − ω(q, ~q)− iǫ = −iP 1ω−ω(q,~q) + πδ(ω − ω(q, ~q))
Let us rst onentrate on the σ terms. The δ funtion does not ontribute due to the pre-
fator −ω2 + ω(q, ~q)2, while the prinipal value an be replaed with the funtion itself and
this just kills the σ term oming from the δ(τ) part. In the Z term we use that
−i ω + ω(q, ~q)
ω2 − ω(q, ~q)2 + iǫ =
−i
ω − ω(q, ~q) + iǫ
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This kills the prinipal value term above and results in a fator two in front of the δ (τ) part,
whih together gives
−iZBNbdry(−iq, iω(q, ~q), ~q, . . . )
Combining with the pre-fator
i√
2Z
in the redution formula gives the ontribution of one leg
as √
Z
2
BNbdry(−iq, iω(q, ~q), ~q, . . . )
In the losed hannel we have just one type of disonneted parts, the one oming from the
Green funtions (A.3), whih ontains at least one bulk two-point funtion as a disonneted
piee. Just as in the two-partile ase this does not ontribute via the redution formula, and
sine it appears multipliatively the whole ontribution oming from the disonneted part is
vanishing. As a onsequene only the onneted part of the Green funtion ontributes to the
boundary state, whih is therefore idential to the q ↔ iω ontinuation of the result (A.5) for
the reetion fator, and so Kk+l an be expressed in terms of Rkl . We make this relation
expliit for the two-partile term K2 in subsetion 3.3.
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